Abstract. The maximal rank hyperbolic Kac-Moody algebra e10 has been conjectured to play a prominent role in the unification of duality symmetries in string and M theory. We review some recent developments supporting this conjecture.
emerge in the present scheme from the E 10 model itself, whereas for E 11 space-time is realised through an additional E 11 invariant structure [20] . These two space-time concepts, and a third one based on a one-dimensional E 11 model proposed in [21] , were discussed in [22] . The relation of that latter E 11 model to the model considered here 1 was studied in [26] . It was also shown in [27, 28] that E 11 can unify the symmetries of the bosonic sectors type IIB and massive type IIA supergravity by use of the same techniques as in [18] .
A most remarkable feature of the results obtained so far is that E 10 implies several results on the bosonic sectors of maximal supergravity theories which were heretofore thought to require (maximal) local supersymmetry, to wit:
• the correct bosonic multiplets of all maximal supergravities in eleven and all lower dimensions, in particular for both (massive) type IIA and type IIB supergravity [27, 28, 12, 13] ; • the self-duality of the 5-form field strength in IIB supergravity [13] ;
• the correct bosonic self couplings for all these theories, in particular of the D = 11 Chern
Simons term [10] ; • the vanishing of the cosmological constant in D = 11 supergravity [11] , originally shown in [29] ; • (possibly) restrictions on the form of the higher order corrections in M theory [14] .
This casts some doubt on widely held expectations concerning the role of (local) supersymmetry as a fundamental symmetry, and may indicate that the concept of supersymmetry may have to be replaced by yet another, and in some sense, even more 'fundamental' symmetry concept 2 (possibly also involving quantisation). Moreover, in a scheme where space(-time) is treated as an 'emergent' phenomenon, the distinction between bosons and fermions may well disappear, too, and only 'emerge' together with space(-time) itself.
The structure of this contribution is as follows. Section 2 reviews some basic facts about the hyperbolic Kac-Moody algebra e 10 underlying E 10 , leading in particular to a spectral analysis of the E 10 /K(E 10 ) model. The model itself is defined in section 3. The correspondences to the various maximal supergravity theories in d = 10 and d = 11 are derived or reviewed in section 4. In section 5 we discuss some cosmological applications and extensions of the model presented here and end with a few open problems. 1 There exists a related 'brane version' of the E10 model for which the denominator is non-compact and has non-unique space-time signatures [23, 24] which are identical to those of the exotic M-theories of [25] . 2 Of course, we will have to await what LHC has to say on this isse! For the case of e 10 the Cartan matrix is non-degenerate and indefinite (with nine positive eigenvalues and one negative eigenvalue). According to the general theory of Kac-Moody Lie algebras [30] , the Chevalley-Serre presentation therefore starts from thirty Chevalley generators
subject to the relations
On top of the thirty generators of (1) 
spanning free Lie algebras on {e i } and {f i } and then subjected to the Serre relations (for i = j)
(ad e i ) 1−A ij e j = 0 and (ad f i ) 1−A ij f j = 0,
and, of course, to the Jacobi and antisymmetry relations of the Lie bracket. The number of Chevalley generators in such a nested multiple commutator is called the height of the element. The Lie algebra consisting of (1) and (Serre) non-trivial elements (3) is the infinitedimensional Kac-Moody algebra e 10 , which we will also sometimes denote by g ≡ e 10 . We consider e 10 in its split real form obtained by taking only real linear combinations of the basis elements. Like every Kac-Moody algebras, e 10 possesses a triangular structure
where h is the Cartan subalgebra (CSA) spanned by the elements h i , and n ± have bases consisting of the positive simple generators e i together with their multiple commutators and the negative simple generators f i together with their multiple commutators, respectively. The positive half n + and the negative half n − are exchanged by the Chevalley involution θ which acts on the Chevalley generators (1) by
and extends to all of e 10 . The fixed point set
will be called the maximal compact subalgebra in analogy with the finite-dimensional theory. The Lie algebra k 10 is not a Kac-Moody algebra [32] .
We will furthermore make use of the root space decomposition of g ≡ e 10 defined through
with
The non-trivial linear maps α : h → R are called roots and ∆ = ∆ + ∪∆ − is the space of all roots.
The simple roots are denoted by α i and are defined by g α i = e i . The root lattice Q is obtained as the integer lattice over the simple roots. All roots are linear combinations of simple roots with either all non-negative or all non-positive coefficients; the roots are then called 'positive' or 'negative', respectively. We thus write an arbitrary root α ∈ ∆ as
with either all
For the hyperbolic 3 Kac-Moody algebra e 10 one can furthermore show [30] that the set of all roots ∆ ⊂ Q is given by
Here, the norm α 2 = α|α is computed using the Cartan matrix as inner product (on both h and h * ), such that for all simple roots α 2 i = α i |α i = 2 and for an arbitrary root (10) we have α 2 = i,j m i A ij m j . The symmetric form ·|· on h can be extended to a symmetric invariant form on all of e 10 by letting e i |f j = δ ij and then using the invariance to define ·|· on multiple commutators. A final piece of terminology we require from the theory of Kac-Moody algebras is the notion of real and imaginary roots. A root α of e 10 is said to be real if α 2 = 2 and imaginary otherwise; in the latter case, one further distinguishes lightlike (null) and timelike roots, for which α 2 = 0 and α 2 < 0, respectively.
Further details can be found in [30] .
Spectral analysis: Level decomposition
Among the basic quantities of interest of a Kac-Moody algebra are the root multiplicities mult(α) = dim R g α for roots α ∈ ∆. In contradistinction to the finite-dimensional Lie algebras and affine Kac-Moody algebras there is no closed formula determining the root multiplicity of an arbitrary root α. Presently, only recursive techniques such as the Peterson formula can be used to calculate the multiplicities 4 by working up in height, starting from the fact that for the simple roots one has mult(α i ) = 1. By performing such calculations on a computer one can obtain a good picture of the root structure of a Kac-Moody algebra [33, 34] . Due to the Lorentzian structure of the Cartan matrix of e 10 and the condition (11) we end up with the following picture: All lattice points α inside the solid hyperboloid {α 2 ≤ 2} ⊂ Q in the Lorentzian space h * are roots of e 10 , and each such point represents the vector space g α associated with the corresponding root α. We imagine the lattice points as being labelled in addition by the dimension (=multiplicity) of the root space. An economical and physically motivated way to present the algebraic data is the level decomposition under a finite-dimensional regular subalgebra 5 introduced in [10] . In the above picture this corresponds to an elliptic slicing of the solid hyperboloid. From this it is obvious that any given slice contains only a finite number of points representing a root space, see fig. 2 . In this language, the algebra can be described by a stack of slices each of which contains a finite number of irreducible representations of the subalgebra (acting via the adjoint action). The level of such a slice is given as the vector of numbers of times the simple generators of the deleted nodes appears in the elements on the slice, and provides a grading of the algebra. Instead of giving the details of how this decomposition is done, we will give the relevant examples below and refer the reader to [10, 35, 36, 33, 37] for expositions of the general technique. We will only give levels ≥ 0 since the negative levels are contragradient to the positive levels due to the Chevalley involution θ. 6 9 We first single out the 'exceptional' node 10 in diagram 1 and delete it together with its link to node 7. The remaining subalgebra is A 9 ≡ sl(10). The level in this decomposition is the last entry m 10 of a root α = 10 i=1 m i α i . The spectrum on levels 0 ≤ ≤ 3 in the A 9 decomposition was computed in [10] and is given in table 1.
Decomposition under A
The notation in table 1 is as follows. Irreducible sl(10) representations are given in terms of their Dynkin labels, such that the entry in the first row of the table is the adjoint representation, whereas the second representation for = 0 is the trivial one. They combine to give the generators K a b of gl (10) . Indices a, b etc. are sl(10) vector indices and hence take values 1, . . . , 10. Similarly, the representations on levels = 1 and = 2 are totally antisymmetric of rank three and six, respectively, and we have already introduced the symbols we will use below when referring to these representations. The = 3 representation is of mixed symmetry type, 5 By this we mean a subalgebra obtained by deleting nodes from the Dynkin diagram. Examples will be given below. 6 Another reason for restricting the spectral analysis to ≥ 0 is that in section 3 we will use a triangular gauge which only employs ≥ 0 generators. the corresponding generator satisfies the irreducibility constraints
These 0 ≤ ≤ 3 tensors will play a rôle below when we relate an E 10 symmetric coset model to d = 11 supergravity in section 4.1. Let us also note that up to level ≤ 3, the decomposition is essentially the same for all E n ; in particular, for E 11 , the representations are analogous [18] .
Decomposition under D 9
Another possible slicing of the hyperboloid is obtained by deleting the node 9 in diagram 1. The remaining subalgebra is D 9 ≡ so(9, 9). The level decomposition was carried out in [12] with result for = 0, 1, 2 reproduced in table 2. Here, the indices I, J, K = 1, . . . , 18 are vector indices of so(9, 9), whereas A = 1, . . . , 256 is a spinor index. The representations on level = 0 are the adjoint and the scalar representation, respectively. Level = 1 contains the Dirac spinor, and = 2 an anti-symmetric three form. 7 In section 4.3 we will relate the corresponding tensors to quantities appearing in (massive) type IIA supergravity. Table 2 . The first three levels in the D 9 decomposition of e 10 .
Decomposition under
The final choice of subalgebra we consider is obtained by deleting node 8 from fig. 1 . The remaining subalgebra is now
The decomposition was carried out in [13] with the result for = 0, 1, 2, 3, 4 reproduced in table 3. Here, the sl(9) vector indices a, b, etc. range from 1 to 9, the indices i = 1, 2, 3 are so(2, 1) ≡ sl(2) vector indices and α = 1, 2 are so(2, 1) spinor indices. These tensors will be related to IIB supergravity quantities in section 4.4.
Commutation relations
Once the representation content (spectrum) of the algebra has been determined to the required level one then needs to work out the commutation relations between the Lie algebra elements. Here the power of the level decomposition becomes evident since only a few structure constants Table 3 . The first five levels in the
appear between the representations. The number of e 10 elements thus covered can still be quite large if the representations are large but covariance under the subalgebra action fixes all the structure constants within a representation. We again illustrate these facts in examples. A more general discussion on how to compute the commutation relations can be found in [38] . We consider the A 9 decomposition of e 10 in some detail. As discussed in section 2.2.1,
and normalisation
Their identification with the Chevalley generators of e 10 is
and
This follows from demanding [h 10 , e i ] = A 10i e i . The 'exceptional' generators e 10 and f 10 belong to levels = 1 and = −1 respectively and will be identified below.
The next relation to be worked out involves the transposed = −1 generator
Due to the grading property of the level the commutator [( = 1), ( = −1)] has to be contained in ( = 0). The relations (17) and (19) are insensitive to the normalisations of E a 1 a 2 a 3 (and
is not. We fix the norm in terms of the invariant bilinear form to be
The lowest element on = 1 is E 8 9 10 and in view of e 10 |f 10 = 1 and (20) we can identify e 10 = E 8 9 10 , f 10 = F 8 9 10 .
This also fixes the coefficients in the commutation relation
which completes the full set of commutation relations on levels = −1, 0, 1. Thus, in the above relation, GL(10) covariance fixes all structure constants in terms of only two coefficients. More precisely, these two coefficients are fixed by invariance of the bilinear form and the normalisation (20) . Similar remarks apply to higher level commutators.
Proceeding to = 2, we again have to fix the normalisation of the relevant generator E a 1 ...a 6 , which we do by defining
which, using the invariance of the bilinear form, leads to
Using Jacobi identities the remaining commutators for | | ≤ 2 can be worked out and are listed in [11] . For = 3 we define
which is equivalent to
with normalisation
Again, Jacobi identities can be used to determine the remaining commutation relations. These were given in [11] . Similar considerations can be used for the D 9 and A 8 ⊕ A 1 decompositions of sections 2.2.2 and 2.2.3. The results can be found in [12] and [13] , respectively.
The E 10 coset model
In this section, we present, following [10] , a coset model with manifest E 10 symmetry. This model is a null geodesic model on the coset space E 10 /K(E 10 ), where E 10 is the Kac-Moody group with Lie algebra e 10 and K(E 10 ) its 'maximal compact subgroup' with Lie algebra k 10 ⊂ e 10 fixed by the Chevalley involution θ from (6). We take a time-dependent coset element V(t) ∈ E 10 /K(E 10 ) of the form
which is in the so-called Borel gauge, where only the CSA h and the upper triangular part n + are used. E (s)
α label the independent generators in the root space of α. In the finite-dimensional situation the parametrisation (28) can be reached due to the Iwasawa decomposition. Here, we simply take (28) as definition for the coset E 10 /K(E 10 ). We will sometimes also use a slight modification of this parametrisation where only levels ≥ 0 are used and the exponentials are separated differently, which is a non-linear change of coordinates on the coset.
The e 10 -valued velocity (Cartan form) associated with the coset element (28) is
such that θ(Q) = Q and θ(P) = −P. We define the generators along the coset and the subgroup by
where
denotes the transposed generator to E α . 9 Therefore, k 10 consists of the anti-symmetric elements and the remaining symmetric elements belong to e 10 k 10 . The time reparametrisation invariant Lagrange function defining the dynamics of the geodesic model is given by
where n(t) is a Lagrange multiplier ('einbein') needed for reparametrisation invariance and ·|· is the e 10 invariant bilinear form discussed in section 2.1. The equations of motion following from this Lagrange function are
We will refer to the second equation (obtained by varying n) as the the Hamiltonian constraint. It expresses the light-like orientation of the geodesic. The system is formally integrable, as is already evident from the Lax formulation of the geodesic equation in (32) . It is easy to write down infinitely many conserved charges through the e 10 -valued current
This is the Noether current associated with the global E 10 invariance of (31). The transformation
for constant g ∈ E 10 (and compensating k(t) ∈ K(E 10 ) to maintain the Borel triangular gauge) induces the transformations
so that P transforms covariantly and Q like a gauge connection. This is as expected since Q is associated with the unbroken K(E 10 ) gauge invariance of the coset E 10 /K(E 10 ). We define a K(E 10 ) covariant derivative by
The set of equations of motion (32) now can be expanded in the basis consisting of the various S α . We will do this in a form adapted to a level decomposition, where we expand
where the asterisk indicates a contraction of the various irreducible generators (like S ( ) ) occurring on a given level with coefficients (like P ( ) ). It is an important result that we can consistently truncate the equations of motion by demanding
where 0 is some fixed but arbitrary level. The consistency of this truncation was proved in [11] . Although the equations (32) are written in first order form by use of Q and P, the equations of motion are, of course, second order because the components of P must be ultimately expressed as first derivatives of coordinates (φ i , A α ) on the coset space E 10 /K(E 10 ) 10 ; in terms of such an explicit parametrisation, the equation of motion then indeed takes the form of the standard geodesic equation. Eqn. (38) then implies that the higher level coordinates are non-trivial but evolve in just the right manner prescribed by the first order equation (38) . When such an explicit parametrisation is not required, it is convenient to work with the 'tangent space' objects P rather than the coordinates because one always deals with Lie algebra valued quantities transforming as tangent vectors under K(E 10 ) (the use of tangent space quantities is furthermore indispensable once one introduces fermions). The choice of fields parametrising the triangular gauge corresponds to a choice of local coordinates on the coset manifold, and as such is subject to a huge variety of coordinate reparametrisations (field redefinitions).
Correspondence to maximal supergravities
We will now construct correspondences between the abstract E 10 σ-model defined in the preceding section on the one hand, and the bosonic sectors of the maximal supergravity theories in ten and eleven space-time dimensions on the other hand. These correspondences consist of a dictionary between the coset fields and supergravity fields under which the null geodesic equation (32) become equivalent to the field equations of the bosonic fields of the supergravity theories in a truncation to first spatial gradients only.
It is important that in all cases we make use of the same E 10 invariant model and the correspondences arise through reading that very same model in terms of different subalgebras used for writing the model by means of a level decomposition, see section 2.2. In other words, one and the same E 10 model gives rise to the different (and suitably truncated) maximal supergravity equations of motion, depending on how one slices the lightcone in the space of E 10 roots. Therefore the E 10 σ-model realises one of the central desiderata of M-theory: to explain the known maximal theories (hence, all the maximal supergravity theories) in terms of a single 'Ur'-theory [39, 40] . We refer to this aspect of the E 10 model as versatility.
In order to establish the correspondences it is necessary to make a few common gauge choices in the supergravity theories. These choices are 11 • A pseudo-Gaussian gauge for the vielbein where there are no mixed space-time components:
Here, N is the (arbitrary) lapse function, and we denote g = det(e m a ). In the cosmological applications of section 5.1 below we will choose the convenient gauge N = det(e m a ).
• The spatial coefficients of anholonomy
are fixed, by exploiting spatial diffeomorphism invariance, to have vanishing trace Ω ab b = 0. Following [11, 13] we will denote the remaining traceless part asΩ ab c . The spin connection ω a bc is defined in terms of Ω ab c by
with Ω ab b = 0 implying ω b ba = 0.
• Spatial frame derivatives of the lapse N , of ω and of the gauge invariant field strengths are neglected. • The coset model time parameter t is chosen such that, near the cosmological singularity, we have t → ∞ as T → 0, where T is the proper time.
• All fermionic terms are set to zero.
Under these assumptions the spatial components of the Ricci tensor (in flat indices) splits as
where we defined, following [11] ,
In 
where the stress energy contribution of the p-form was split into 'electric' and 'magnetic' contributions according to
11 Our index conventions for gravity in d = (1+D) dimensions are such that capital latin indices run from 0 to D, with 0 corresponding to the time direction, whereas lower case latin indices run only over the spatial directions 1 to D. Letters from the beginning of the alphabet are flat (tangent space) indices and from the middle of the alphabet are curved (world) indices. We use the 'mostly plus' convention for the metric. 12 The remaining components are the Hamiltonian and diffeomorphism constraints of the theory. Whereas the Hamiltonian constraint is linked to the constraint of the E10 σ-model, there is currently no understanding of the diffeomorphism constraint in general. However, in the truncations to be considered below, it is satisfied.
d = 11 supergravity
Using the results of sections 2.2.1 and 2.3, we first write the coset model equations (32) in A 9 decomposition up to = 3. They are [10, 11] 
These equations are SO(10) = K(GL (10) ) covariant by construction, and SO (10) is the spatial Lorentz group of en eleven-dimensional theory. We have put the A 9 level on the components P ( ) to make the structure more transparent. The derivative operator D (0) appearing here is only partly covariantised and defined by
Maximal supergravity in d = (1 + 10) dimensions [1] has as bosonic fields gravity and a three-form gauge potential
. Since in this case D − 1 = 10 − 1 = 9 and p = 3 we see that the structure of the = 0 equation (44) is very similar to the Einstein equation (41) given that we map
where we chose a fixed but arbitrary spatial point x 0 . The map can be rewritten in terms of maps for P
ab and n which we present together with corresponding maps for the other fields 13
13 Note that the position of the flat indices does not matter any more since they are SO(10) ⊂ GL(10) indices and we use the Euclidean flat δ ab to raise and lower them. Similarly, the ten index -symbol appearing in equation (50) ist the invariant tensor of SO (10) .
Using this correspondence the equation (44) is mapped to the relevant Einstein equation 14 , equation (45) is mapped to the suitably truncated equation of motion for the gauge field (which in flat indices reads (46) is the Bianchi identity for the gauge potential, and equation (47) expresses the existence of a factorisation of the space-time-dependent vielbein into a space-dependent times a timedependent factor [11] .
The correspondence (50) provides a map between the dynamics of two seemingly different systems: The E 10 invariant geodesic model (31) (truncated beyond = 3) and the bosonic sector of d = 11 supergravity with the gauge choices and truncations detailled above.
Degeneracies and root multiplicities
As discussed in section 2.2, a generic root α of e 10 is degenerate with multiplicity mult(α) > 1. The significance and proper physical interpretation of the imaginary roots and their multiplicities is far from understood. However, there is at least one non-trivial example where a multiplicity, which is larger than one, admits a proper physical interpretation. Namely, the roots associated with the various components of the spatial spin connection fall into two classes [9] . First of all, there are the gravitational roots (alias 'gravitational walls') associated with the componentsΩ ab c for which the indices a, b, c are all different: they correspond to level-3 roots α abc with α 2 abc = 2, hence real roots, see [9] section 6.2 for explicit formulas. The corresponding components of the dual field P a 0 |a 1 ...a 8 are the ones where a 0 is equal to one of the indices a 1 , . . . , a 8 .
On the other hand, [9] identified ten subleading gravitational walls associated with ten null roots, designated as µ a for a = 1, . . . , 10, cf. eqn. (6.16) there. These ten null roots can all be obtained by sl(10) Weyl reflections (or, equivalently, by permuting the spatial coordinates) from the primitive (i.e. lowest height) null root δ = α 2 + 2α 3 + 3α 4 + 4α 5 + 5α 6 + 6α 7 + 4α 8 + 2α 9 + 3α 10 (51)
at height 30 which has δ 2 = 0, mult(δ) = 8 and is identical to the null root of the affine subalgebra e 9 ⊂ e 10 (in the notation of [9] , we have δ = µ 1 ). This null root and its images under the sl(10) Weyl group are the only imaginary roots appearing on levels ≤ 3 in the A 9 decomposition. The associated components of the dual field P a 0 |a 1 ...a 8 belonging to these null roots are the ones for which the indices a 0 , . . . , a 8 are all distinct. Using the correspondence (50) we can now give a physical interpretation to the multiplicity mult(δ). Since all indices on P a 0 |a 1 ...a 8 are different, two indices on the dual coefficient of anholonomyΩ ab c must be equal, i.e. we must consider the componentsΩ ab b (no summation on b). As shown in [9] , these components are then all associated with the null root µ a , and it would thus appear that we have nine possible values for b. However, due to our gauge choice, there is one linear condition ( bΩ ab b = 0) on these nine elements, whence the number of independent field components associated to each null root µ a is only eight -in agreement with the root multiplicity mult(δ) = 8! This argument demonstrates again the key importance of the traceless gauge for Ω ab c . Let us also note that this multiplicity remains the same when δ is considered as a root of E 11 , whereas a naive counting would suggest that there are nine independent components in that case.
d = 10 massive type IIA supergravity
The analysis for d = 11 can be repeated for massive type IIA supergravity in d = 10 [41] . This was carried out in [12] in a formalism which uses the D 9 subalgebra of e 10 . The spatial Lorentz group is now SO (9) and is the diagonal of SO(9) × SO(9) = K(SO (9, 9) ). In order to find the right representations under the Lorentz group one has to further decompose the SO(9, 9) representations of section 2.2.2. The (SO(9, 9) × GL(1))/(SO(9) × SO (9)) coset model which is the restriction of the E 10 /K(E 10 ) model to = 0 in the D 9 decomposition can be shown to be equivalent to the reduction of the bosonic sector of d = 10 type I supergravity by extending arguments of [42] . As supergravity the bosonic sector of type I is identical to the NSNS sector of type IIA supergravity.
Turning to the = 1 contributions in the E 10 /K(E 10 ) σ-model, we first decompose the 256-component SO (9, 9) spinor under the diagonal SO(9) Lorentz group with the result 256 → 16 ⊗ 16 = 9 + 84 + 126 + 36 + 1
These representation can be seen as anti-symmetric tensors of rank p for p = 1, 3, 5, 7, 9, which are exactly the RR potentials of massive type IIA supergravity [43] . The suitably truncated sector of massivve type IIA supergravity was rewritten in terms of the underlying SO(9, 9) symmetry in [12] and shown to be equivalent to the truncated E 10 model under the map
Here, indices i, j = 1, . . . , 9 and barred indices refer to the second factor of the compact SO(9) × SO (9) . The further supergravity quantities are: ϕ is the (redefined) dilaton, H tij is the electric field strength of the NSNS two-form, M is the Romans mass parameter, F tm and F mn are the electric and magnetic field strengths of the RR vector potential, and G tmnp and G mnpq are electric and magnetic field strengths of the RR three-form potential. The fields have to be redefined from their standard form in order to make the SO(9) × SO(9) gauge symmetry manifest, the details can be found in [12] . As shown in [12] , under the correspondence (53) there is again a dynamical agreement between the E 10 coset model equations truncated beyond level = 1 in the D 9 decomposition and the truncated massive IIA equations of motion. It was also partly shown that the = 2 representation in e 10 under D 9 contains the magnetic duals of the NSNS fields. [12] also contains a partial treatment of fermions and supersymmetry which were used to derive some of the redefinitions required to make SO(9) × SO(9) manifest. The relation between the bosonic fields of massive IIA supergravity transforming under GL (10) and E 11 was analysed earlier in [28] .
d = 10 type IIB supergravity
Our final example we consider is chiral d = 10 IIB supergravity [44, 45] . The corresponding level decomposition of e 10 is the A 8 ⊕ A 1 decomposition discussed in section 2.2.3. The explicit factor of A 1 ≡ sl(2) together with tentative spatial Lorentz group so(9) = K(A 8 ) = K(sl (9) ) already hints at a type IIB interpretation. That this is indeed true was shown in [13] . We briefly recall the correspondence and highlight the interesting new features.
The field content of table 3 is interpreted in terms of IIB quantities. On = 0 we find the spatial vielbein coset GL(9)/SO (9) and the axion-dilaton coset SL(2)/SO (2) . Level = 1 contains the SL(2) doublet of electric field strengths of the two-form potentials which correspond to the F-and the D-string [46] . Level = 2 contains an SL(2) singlet electric field strength of the four-form potential. Level = 3 carries the SL(2) doublet of magnetic field strengths of the two-form potentials. Finally, level = 4 contains the dual graviton mixed symmetry tensor and the magnetic field strengths of the axion-dilaton pair, together with a gauge potential.
As shown in [13] there is again a dynamical match of the truncated IIB equations of motion and the truncated E 10 σ-model under the following correspondence
Here, φ and χ are the dilaton and the axion, respectively. The α index is an SO(2) vector index and components 1 and 3 of the SL(2) triplet form a doublet under SO (2) , while the 2 component transforming as a singlet. In the correspondence, the mixed SL(9) symmetry tensor on = 4 has the same shortcomings as the one discussed for d = 11 supergravity. Furthermore, we see that not all components of the triplet of eight-forms on = 4 are independent which is due to the gauge fixing for the axion-dilaton coset, see [13] for more details and precise conventions. An important point here concerns the self-duality constraint of the five-form field strength in IIB supergravity. As explained in [13] , the dynamical correspondence (54) is only valid if this self-duality is used on the supergravity side, eliminating all magnetic field strength component in favour of electric ones which appear in (54) . The relation between IIB supergravity and E 11 was analysed earlier in [27] .
As also discussed in [13] there is a qualitative difference between E 11 and E 10 which manifests itself in the present analysis. The corresponding type IIB decomposition of E 11 is under A 9 = sl(9) which allows for anti-symmetric ten-form potentials, which in string theory are thought to be the source for nine-branes [47] . The analysis of [37, 13] revealed the existence of an SL(2) quadruplet and a doublet in the E 11 spectrum under A 9 . This somewhat unexpected SL(2) structure was later confirmed to be compatible kinematically with an analysis of the IIB supersymmetry algebra [48] .
Versatility summary
The results presented so far can be summarised as follows. Different level decompositions of E 10 produce the correct spectra of the maximal supergravity theories, see section 2.2. These identifications provide a dynamical match between the geodesic E 10 /K(E 10 ) model defined in section 3, and written according to these decompositions and truncated at prescribed levels, and the appropriately truncated bosonic equations of motion of all maximal supergravities. The relevant decompositions are summarised in fig. 3 . 
Discussion and Outlook
Finally, we briefly discuss a few related topics and open problems in the E 10 approach.
Cosmological solutions
Given that there is correspondence between two dynamical systems, as detailled in the maps (50), (53) and (54), one can map solutions of one system to solutions of the corresponding other system. Besides the fact that the E 10 model might be simpler to solve in subsectors since it is integrable (as explained in section 3), constructing solutions of the E 10 model has the additional advantage that one can map one solution of the E 10 model to three different solutions of the maximal supergravity theories due to the versatility of the model.
The simplest way to obtain solutions to the E 10 σ-model is by restricting to a submanifold which is a coset of a finite-dimensional subgroup of E 10 . On such spaces the geodesic motion is known to be integrable of Toda type (see for example [49, 50] for overviews). The simplest example is SL(2)/SO (2) where the problem reduces to solving the one-dimensional Liouville equation. In the E 10 context this was studied in [51] . Using the SL(2) generated by the e 10 generators e 10 , h 10 , f 10 , and one additional (orthogonal) CSA element to satisfy the Hamiltonian constraint of (32), the following solution to the bosonic sector of d = 11 supergravity was found in [51] 
,
Here, x, y, z correspond to directions 8, 9, 10, and w 1 , . . . , w 7 are seven transverse directions. The 'energies' E andẼ are related byẼ = 21E as follows from the Hamiltonian constraint of the E 10 model. Furthermore, the gauge n = 1 was chosen. This solution is known to have phases of accelerated and decelerated expansion [52, 53] , and is identical in form to the SM2-brane solution, see [54] and references therein. Similar BPS dolutions and their properties in the context of E 11 were discussed earlier in [55, 56, 57, 58, 59, 60] . References to papers containing cosmological solutions to supergravity can be found in [51] .
E 10 , fermions and generalised holonomy
Recently progress was made on the important question of how to bring fermions into the picture [61, 62] . This amounts to adding spin to the massless particle moving on a geodesic trajectory in the E 10 /K(E 10 ) coset space. In analogy with what happens for smaller hidden symmetries E n (n ≤ 8) one expects the fermions to transform under the denominator group K(E n ). In the case of E 10 this poses an algebraic problem since K(e 10 ) is not a Kac-Moody algebra as mentioned in section 2.1. In fact, hardly anything is known about the representation theory of this infinite-dimensional algebra.
The idea of [61] was to bring the fermionic equation of motion into the play and fix a supersymmetric gauge since for the bosonic correspondences one also needs to fix all gauges. The gauge chosen was ψ 0 − Γ 0 Γ a ψ a = 0 and to write the remaining 320 equations of motion for the d = 11 gravitino as 15 E a = 0 ←→ DΨ = 0, where Ψ is a K(E 10 ) spinor on which the K(E 10 )-covariant derivative acts. The spinor Ψ is thought to be infinite-dimensional components and, if decomposed under the spatial Lorentz SO (10) , to contain the gravitino ψ a . The analysis of [61] showed that by evaluating the equations of motion and using the dictionary (50) one can deduce the action of the K(E 10 ) generators up to 'level' 16 = 3 and show consistency with the K(E 10 ) commutation relations. In fact, it can be proven that the 320 components of the supergravity fermion furnish a representation of K(e 10 ) by themselves. This representation is necessarily unfaithful.
Repeating the same analysis for Dirac fermions shows that the 32 representation of SO (10) is also an unfaithful representation of K(e 10 ). 17 The action on the Dirac spinor is in terms of antisymmetric 32 × 32 matrices, hence fundamental SO(32)-matrices. This is somewhat along the lines of proposals for a generalised holonomy of M-theory [64, 65, 66] but with a very important difference. The Dirac spinor representation of SO (1, 10) is not turned into a representation of SO (32) but into an unfaithful representation of K(E 10 ). This way one circumvents global problems with SO(32) pointed out in [67] . 18 Similar remarks could very well apply to SL (32) which was discovered in the M5-brane equations [68] and discussed in the context of E 11 in [20] .
Open problems
Despite all the encouraging results presented in this contribution, there remain a number of very important open problems with the E 10 model.
• The most pressing questions is probably the following: What rôle do the higher levels play? When establishing the correspondences to the supergravity theories in section 4, we truncated the σ-model equations of motion after a fixed level. However, there are infinitely many higher levels whose contributions to the dynamics can be determined in principle but whose physical interpretation is not clear. The original paper [10] made the conjecture that their effect could be to re-introduce the full space dependence from supergravity and thereby turn space-time into an emergent concept. This so-called gradient conjecture is based on the observation that in the infinite list of representations in the A 9 level decomposition there exist the following representations for k ≥ 0 The first Dynkin label entry k translates into k symmetric sets of 9 anti-symmetric indices which each have been lowered using the invariant sl(10) -symbol 19 . The generators are therefore symmetric in the lower indices, which makes the suggested interpretation possible at least in principle. 20 Of course, the term 'Taylor expansion' here must be interpreted cum grano salis, since it is very well known from previous results on the cascades of dual potentials appearing for the affine Geroch group (see e.g. [69] ) that these higher order spatial gradients involve non-local relations between the fields in the coset model, see also [32] . There is an infinity of additional representations besides the gradient representations and these have been conjectured to be associated partly with new M-theoretic degrees of freedom.
• There are very few results concerning involutory subgroups of infinite dimensional Kac Moody groups, an K(E 10 ) in particular. For instance, is it possible to construct faithful spinor representations of K(E 10 ) which could also accommodate the spatial dependence of the fermionic fields? This hinges largely on a better understanding of the relevant representation theory.
• Can one construct similar correspondences for other Kac-Moody cosets and other theories?
This seems likely and has already been done for the hyperbolic extension of G 2 [70] .
